Mathematics Teacher Leader Meeting

February 17, 2005

Rational Numbers and Fractions

Dr. Kevin McLeod

Department of Mathematics

University of Wisconsin-Milwaukee

1. Mathematics: a subject in which we never know what we are talking about, not whether what we say is true.

                                            ---Bertrand Russell

     Russell was a philosopher, and had good and deep philosophical reasons     for making this remark, but it is not a point of view that we want to stress to our students.  Mathematical language is extremely precise, but it can also be very subtle, and we will be better teachers if we understand some of the subtleties.

2. Questions to ponder:

· What is a fraction?

· What is a rational number?

· Are they the same thing?

3. A fraction is an expression of the form 
[image: image1.wmf]B

A

.

In this definition of a fraction, there is no requirement that B should not be 0.  In fact, there is not even any requirement that A and B should be numbers!  A fraction is simply a symbol: a collection of marks on the paper.

4. A rational number is a number which can be written as a fraction 
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, where A and B are integers and 
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A rational number, then, is a quantity (number) which can be represented by a fraction.  Each of the following is a rational number:

5,  -3,  
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,  1.75,  33%,  0.666666…,

because they can be represented respectively by the fractions
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5. A numeral is any symbol that is used to represent a number.  For example, our everyday numeral 5 and the Roman numeral V both represent the same number, “five”.  One way we use fractions is as numerals to represent rational numbers.  (We use fractions in other ways, too.  Can you think of one?)  The fraction is the symbol; the rational number is the underlying quantity.  Fractions and rational numbers are not the same thing!

6. Are 
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 the same fraction?  Clearly not: one of them has a vertical bar and two round symbols in its denominator, and the other does not.  Since these fractions are not the same, then, what do we mean when we write the equation 
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?  We mean that the underlying rational numbers are equal, not the fractions themselves.  Here is an example of precise, subtle mathematical language: we say that two fractions are equivalent when they represent the same rational number.  Thus, 
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 equivalent fractions.

7. Two Big Ideas (from a list of Big Ideas by Randall Charles):

· Numbers (and algebraic expressions) can be written in equivalent ways.

· Algorithms use equivalent ways of writing numbers (or algebraic expressions) to reduce complicated calculations to simpler ones.

As an example of these ideas, consider the problem of adding two fractions with different denominators.  For example:
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The algorithm for adding fractions tells us to write them as equivalent fractions with a common denominator.  This is done in the first equation above.  We still have to add the fractions, but the problem is now much simpler—in fact, it is really just a counting problem: if we have 12 of anything, and we add 35 of the same kind of thing, we have a total of 47 things.  (In this example, the “things” are 
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Try to think of other algorithms you have taught, and ask yourself if they work in this kind of way.  For example, how do algorithms for multi-digit multiplication reduce complicated computations to simpler ones?
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